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STABILIZATION OF OPTIMIAL DIFFERENCE PROCEDURES
FOR NUMERICAL INTEGRATION OF ORDINARY

DIFFERENTIAL EQUATIONS

H. Brunner

The author presents an exposition of new procedures for
approximation of particular solutions of linear and nonlinear
differential equations (or systems of equations) by means of
difference equations. The results of the classical and modi-
fied procedures are compared in the case of specific examples.
Questions of convergence, stability (relative and absolute),
consistency, and optimality are treated.

CHAPTER 1

INTRODUCTION /7*

1.1. Posing of the problem.

Consider a first-order ordinary differential equation

with the initial condition

with the initial condition

~(0) so. (1.1.2)

Let us assume that the function f(t, x) is defined and continuous in the region

B = (t, x) I 0 - t ' b, -co < x < co :let us also assume that f (t, x) satisfies

a Lipschitz condition in x, that is, that there exists a constant M such that the
inequality

I m(On)- P'~,x')l B an I rr - ~
°
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holds for any two pairs (t, x) and (t, x*) in BE

We know from the theory of differential equations that the initial-value
problem (1. 1. 1, 2) has exactly one solution for 0 ' t I b. In what follows, this
solution will be called the exact solution and denoted by x(t). It is continuous and
differentiable in the interval mentioned.

The exact solution of (1. 1. 1, 2) will now be approximated at discrete points
t

n
= nil (where n is a nonnegative integer, h is a positive number, and tn E [0, b])

with solutions of special difference equations. To this end, we shall use the class
of linear difference equations proposed by Dahlquist [10] *

EnS h o i 2 n , I . 0 ,1,...), (1. 1.4)

where fIn =f(t
m

, xm) The coefficients av andpv (for v = 0, 1, ... , k) are

real and independent of n with ak 4 0. The positive parameter h is the differ-
ence step used in the procedure. Equation (1. 1. 4) defines the general linear /8
k-step procedure of approximation of the solution of an initial-value problem of
the form (1. 1. 1, 2). Such an approximation at a point t = tm will be denoted by

Xm (as opposed to the exact solution at that point x(tm)).

Since the present work is based to a considerable degree on linear difference
equations, we shall present some of the more important properties of the solutions
of such equations in the next section. These results are taken primarily from [16]
and [20].

1.2. Linear difference equations.

Let k denote a natural number and let I denote a nonempty set of consecu-
tive integers. Suppose that functions Fn(ZO, zil, .. , Z) are defined for all n
E I and all real values of the k + 1 variables z0, zl, ... , zk. Then, an equation
of the form

is a difference equation of order k.

is a difference equation of order k.
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Suppose that Fn is, for all n EI, a linear homogeneous function of z0 , zi,

..., Zk. Then, the corresponding difference equation is a linear homogeneous

difference equation of order k.

Consider a linear nonhomogeneous difference equation of order k:

C (1. 2. 1)

The coefficients a n (for v = 0, 1,...., k) and the quantities c are defined
v. n n+k

for all n EI. In analogy with the theory of linear differential equations, the solu-
tion of the homogeneous equation

X r~,. ao Am Yp °(1.2.2)

is a certain linear combination of particular solutions. The general solution of
the nonhomogeneous equation is then the sum of the general solution of the
homogeneous equation and a particular solution of the nonhomogeneous equation.

Definition: Suppose that the sequences yn()}( v = 1, ... , k) are solutions /9

of (1. 2. 2). Suppose that the relationship

A9 n
9-1

holds for n - no = 0 , 1, ... , k - 1 only when (At, ... , A =(O0, ... , 0). Under

this condition, these k solutions are said to be linearly independent at the point

n = no. The set of solutions {yn()} is called a fundamental system of solutions

of the difference equation (1. 2.2) at the point n = no.

The following two theorems, which we present without proof, provide in-
formation regarding the properties of the general solution of (1. 2. 2).

Theorem 1.1. Suppose that the sequences {yn( (v = 1, ... , k) consti-

tute a fundamental system of (1. 2.2) for n = no. Then this system remains funda-
mental for n - no as long as co, n A 0 for all n - no.

3



Theorem 1.2. Suppose that the sequences {yn(v)} (v = 1, k) con-

stitute a fundamental system of (1.2. 2) at the point n = no. Then the general
solution of this equation for n - no has the form

Yn E A~ ya

( ~

)

9 9

as long as ac, n 0. The quantities A1 , A denote suitable constants.

In the case of a linear difference equation with constant coefficients (that
is, with coefficients independent of n), it is possible to exhibit explicitly a fun-
damental system at the point n = no = 0. In place of (1. 2. 2), we write

E - Y y o oa no,,... . ) (1.2.3)

and introduce (just as with a linear differential equation with constant coefficients)
the corresponding characteristic polynomial

If z is a zero of p(z), then the sequence {zn } is a solution of (1.2.3). For the /10
general solution, we have the following theorem:

Theorem 1. 3. Suppose that the characteristic polynomial p(z) of (1. 2. 3)
has distinct zeroes z 1, ..., z (for m ' k). Let pi, ... , Pm denote the cor-

m
responding multiplicities (with _ p9 a k ). Then, the sequences

{4 . in ....

{n(n1) (n-p
9

.. } (9=, ... ,m)

constitute a fundamental system of solutions of equation (1. 2.3) at the point
n = 0.

Corollary. If p(z) has k simple zeros, then the general solution of (1. 2.3)
has the form

=I- 2_ A l * ,S (1. 2.4)
Y XA.
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where the quantities At, ... , A k denote suitable constants (these are determined

by the k "initial values'" Y · . , Yk 1)'

The zeros of p (z) are in general complex numbers. In the case in which
P (z) has only real coefficients, if z = r exp iqp is a zero of p (z), so is z = r exp
(-iy). This means that sequences whose elements are

rn exp inqy and r exp (-ino)

are solutions of (1.2.3). But since every linear combination of two solutions of
this equation is also a solution, the sequences whose elements are

1/2 (zn + z -
n )

r cos n
1/2 -n n P

./2i (z - z =r sin nno

are real solutions of (1. 2. 3). Therefore, if the coefficients in the equation are
real, it is always possible to exhibit a real fundamental system.

With an eye to later application, let us again look at the difference equation /11
(1. 1. 4), which we write in the form

Xn~l l h k (1. 2.5)n+k n+1 i if nsl+kZn n+)

We are assuming that ak f 0. If 6k = O, equation (1. 2. 5) represents a trivial
equation for xn + k. If Pk A 0, it is not in general possible to solve (1.2. 5) for
xn + k' which needs to be found by an iterative procedure, beginning with a suit-
able initial approximation x (o)

;(m) (m-1)
· n Pl ) , m ,...

By virtue of the assumption on f(t, x), the function F satisfies the.inequality

- .b -

for arbitrary x n + k and x* + . We lknow from the theory of iteration that the

sequence {x n+k} converges to a unique limit if

5



The right-hand member of this inequal l be denoted by H in what follows.

The right-hand member of this inequality will be denoted by H in what follows.
It is assumed that the setp h is always contained in the interval (O, H).

1.3. Dahlquist's theory.

We now continue the discussion of the linear difference procedure, intro-
duced in section 1. 1, for numerical integration of a given initial-value problem
of the form (1. 1. 1, 2).

To measure the quality of the k-step procedure defined by
assign to this difference equation the difference operator

For analytic functions, we may set

L N[Q); hi E C ()()*. h9, (°) (~t)· ° (t),

(1.1.4), we

(1.3.1)

/ 12

(1.3.2)

Then, we have

Co 0

It

C9 -

- (m-:3. . P,
9-1

Definition.
(1.3.2)

The difference operator (1. 3. 1) is said to be of order p if in

6

(1. 3.3)

IT

c
m

a E 9 M. .9
M.

Vol

(1. 3.4)(m 1 2, 3, ... )



C
o

t CI ..... a Cp = O, but Cp+r 1 O lt.

To characterize the order, let us use the notation

L [(;h

The difference procedure. (1 1. 4) is completely determined by giving its two
so-called characteristic polynomials p (z) and (c (z):

V!*a (3} a, a E Co(1. 3.5)

These two polynomials will (1. 3. 6)

These two polynomials will serve as the basis for the discussion of the difference
procedure of the corresponding difference operator. In what follows, we shall
write briefly "the (p, oa) procedure" for the k-step procedure defined by the
polynomials p (z) and a(z).

Definition 1. Let so, .. , sk denote functions of h that are defined for /13

all hE (0, H) (see section 1.!2). Suppose that there exists a positive finite con-
stant S such that

{% (h) | , 9 a9 0 ... -1, h (O, I).

Denote by x n the solution of (1. 1. 4) defined by the initial values so . .... sk 1'

Suppose that there exists, for all functions f(t, x) that satisfy the conditions of
the existence theorem, a constant S* = S* (S) that satisfies the inequality

MZX Irl X sO, t' (, b
n - 0,1,...

for all he (0, H). Then, the (p, a) procedure is said to be stable (in the strong
sense).

In different wording, this definition says that a difference procedure will
be called stable if a solution that is defined by arbitrary bounded initial values
and a sufficiently small step h remains uniformly bounded.

7



Definition 2. If x(t) is a solution of (1. 1. 1) and if, as h - 0,

the (p, o) procedure is said to be consistent.

Dahlquist has shown [5] that stability and consistency can be described by
simple algebraic conditions on the characteristic polynomials.

Theorem 1. 4. The (p,o) procedure is stable if and only if all the zeros of
p (z) lie in or on the unit disk and those on the unit disk are simple.

Theorem 1. 5. The (p,.u) procedure is consistent if and only if the order of
the assigned difference operator is at least equal to 1. An equivalent condition is
given by

t(1) a 0, ' (a)

Finally, let us confine the concept of convergence of the procedure (1. 1. 4): /14

Definition 3. Let so, .. , s
k

-l denote functions of h defined for all

hE (0, H) and suppose that

rlm ov (h) X(O) * 's ( 9 = 0,1, .. , k-1).

h -c- 0

Let xn denote that solution of (1. 1. 4) that has the initial values So, . .. s k i.

If

Max n - (tn) - O as h - O,
n=O, , ...

then the (p, o) procedure is said to be convergent.

The question arises as to the conditions under which (p, () procedure is
convergent. The answer to this question is also due to Dahlquist [10]:

Theorem 1. 6. Stability and consistency are necessary and sufficient con-
ditions for convergence of the (p, a) procedure.

Dahlquist has also investigated the maximum order of a stable and con-
sistent difference procedure:

8



Theorem 1. 7. The order of a stable and consistent difference operator
with given degree k cannot exceed p = k + 2. The maximum order is reached if
and only if the characteristic polynomials p (z) and a(z) satisfy the following
conditions:

a) the degree k is an even number;

b) all zeros of p (z) lie on the unit circle and are simple;

c) if

e . (:-1) , lo IX 0o, (1. 3.8)

then a(z) is given by

I0

gt).~o C . (a-I)
9

9.'

The following definition holds for the present work:

Definition 4. If the difference operator of a stable and consistent difference
procedure of degree k is of maximum order p = k + 2, we shall call the operator
an optimal difference operator and the procedure an optimal difference procedure.

For completeness, we shall give yet another theorem of Dahlquist regarding
optimal difference procedures [10].

Theorem 1. 8. If a difference procedure of even degree k is stable and con-
sistent, the conditions

(1.3.9)

are necessary and sufficient for optimality of the corresponding difference
operator.

The best-lnown example of an optimal difference procedure is probably
the Milne-Simpson procedure:

n+2 n n2 (n0a 4 dn+ + n),

with

9(2) = -a _ 1,

9

/ 15

CD

co

9_ ,' pV - PI, ( 9 = ° ... ,k)

(z) - I ( .a + 4 + 1).
f t



1.4. Marginal stability and growth parameters.

Marginal stability of an optimal difference procedure is described with the
aid of the special initial-value problem

, .- (o) D 1, A > 0, (1.4.1)

The corresponding difference equation is

,d> ;: 9 a -Ah Z fi = 9 (1.4.2)

This equation is a linear homogeneous equation with constant coefficients. For / 15
those solutions of the corresponding characteristic equation

?(z) + Ah o(z) o0,

that approximate the zeros z v of the polynomial p (z), we set
V L

z .(1 - Ah. X '+(h)), v , ... , 

Thus, the (p, oa) procedure is taken to be optimal. We know from the theory of
functions that the solutions are distinct for sufficiently small values of Ah. Thus,
in accordance with Theorem 1.3, the general solution of (1. 4. 2) has, for suf-
ficiently small values of Ah, the form

n a Z. CC . exp(-n , ) * exp (- Ated(h) (1.4.3)
9=1

(h-.o, nh o tag)

Here, we have used the relationship

(l-Ah (h2 ) ) , (t. h (- X Ah + O(h2

a :p (_ i%. As,) , dhh)

The undetermined coefficients X v are given by

¢a (%v ) (1.4.4)
10' (Z9)

10



Here, we have Pt(zv) $ 0 (for v = 1, ... , k) since the (p, ar) procedure is

assumed to be optimal and, by virtue of the consistency condition (1. 3. 7),
Ai = 1 for z1 = 1. Thierefore, the first term in (1. 4. 3) approximates the exact
solution of (1. 4. 1), which decreases exponentially as t increases. Since the
(p, a) procedure is optimal, we have k ' 2 and I z

v
I = 1 for v = 1, ... , k.

Therefore, extraneous expressions appear in (1.4.3). As long as one of the
quantities A > is negative, these expressions increase exponentially and thus

render the values of x meaningless. Dahlquist calls these v growth param-
n

eters and he has shown [11] that negative k appear with every optimal pro-

cedure. In other words, the solution of an optimal k-step procedure does not
necessarily provide usable approximation values for the exact solution of a given
initial-value problem. Optimal procedures are therefore called marginally stable.

We shall now give another important'theorem regarding the growth param-
eters [11]:

Theorem 1. 9. The growth parameters of an optimal difference procedure
are real. For v $ 1, the growth parameters have alternating signs:

lh1(X>) g (-1)' (p m 2,., k).

The growth parameter corresponding to the zero z =-1 satisfies the inequality
A - -1/3 with equality holding only for k = 2.

1. 5. The purpose of the present work.

The purpose of this dissertation consists in modifying the optimal difference
procedures proposed by Dahlquist in such a way that they no longer indicate
marginal stability but still possess the maximum order.

In the next two chapters, modified characteristics of polynomials will be
constructed whose coefficients are functions of the step h and a suitably chosen
"stabilization parameter". It will be shown that the corresponding difference
procedure converges and that it is an optimal procedure.

Chapter 3 discusses the choice of stabilization parameter for various
linear and nonlinear differential equations. The concepts of absolute and relative
stability will be defined.

In Chapter 4, these results will be extended to the case of systems of linear
and nonlinear differential equations.

Chapter 5 lies somewhat off the path taken in the first four chapters. /16
There, explicit difference procedures of maximal order will be investigated for
marginal stability and appropriate modifications will be proposed.

11



The remaining three chapters contain some examples of modified (implicit
and explicit) difference procedures of maximum order (for k = 2, 4, and 6).
Finally, some numerical res ults are given for illustration purposes.

I should like to take this opportunity to express my heartfelt thanks to
Professor Peter Henrici for his patience and for numerous suggestions. His
ideas and his valuable criticisms were decisive for the completion of this work.
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CHAPTER 2

MODIFIED OPTIMAL DIFFERENCE PROCEDURES /19

2. 1. The modified characteristic polynomials.

For what follows, we assume that the degree. of the polynomial p (z) is
exactly k and that the (p, o' ) procedure is optimal. The zeros of p (z) are then
simple and they have the form

Z D CXP(L f . (e 9 , . .. . IC , J ~ [0, 2) ). (2.1. 1)

The numbering is always according to increase in the argument (p >. It follows

from the consistency condition (1.3.7) that z i = 1. Also,

+1

since the coefficients in p(z) are assumed real and k is an even number. The
remaining k - 2 zeros come in complex-conjugate pairs:

9 - , e 24 ( 2, .... . 2).

Let us now look at the conformal mapping

(2 - hL)z ( h12
a(2. 1.2)

with hLE [0, 2). Here, h denotes the integration step, and L is a positive
parameter, known as the stabilization parameter. This mapping maps the unit
circle z = 1 onto the circle K *:

'- | = l hL-

13



and it maps the point z = 1 into the point w = 1. Apart from this point, K* is,
for hL E (0, 2), completely in the interior of the circle Iwl = 1.

The mapping inverse to (2.1. 2) is given by

. a , 2 hL w [oa). (2. 1.3)

The mapping (2.1. 2) maps the zeros zz of p(z) into the interior of the unit /20
circle:

2 - hL hL hL (2.1.4)
wV ~ ----- z~ +~-- (1-z ) (~ + .i.+... (2. 1.4)

Let us now take the numbers wV as the zeros of a new polynomial R (w, hL). We

have

k

l, hL) 2w - (2. 1.5)

For hL E [0, 2), all the zeros of R(w, hL) are of multiplicity 1. We could now
take this polynomial as a new characteristic polynomial corresponding to the
polynomial p (z). The modified second characteristic polynomial S(w, hL) could
now be determined from it by application of the relation (1. 3. 8). However,' for
greater values of k, higher powers of hL could appear and, for this reason, the
new procedure (R,; S) might, because of its complicated structure, be of no
practical siglnificalce. Therefore, let us take a different course. Instead of,
R(w, hL), let us examine the polynomial R(w, hL) linearized in hL. Since
hL/2 < 1 and since

a2w -hL h L hhL 9
'"Z-:~ ' " V" ' ) X ( ,r--) '

it follows from (2. 1. 5) that

tR( h) ((, hL) h (L ).
9 )0 mcO .

Linearization in hL then yields immediately

RthaL) i 2 I (v p 9 *- h_*7-B)· .WhL

9=0

14



R(w, hL) = ? (v) hL ( 

?() = (, - a). ?'( )

Theorem
(a)

zk

i P)9 vt 
;

V90

2. 1.
The polynomial p*(w) is of degree exactly k.

(b) All zeros of p*(w) lie inside the unit circle except for the zero

Proof:
(a) This is immediately obvious since

9(w),, -E * w e
k

+I -. of

and a
k

is assumed to be nonzero.

(b) The second part of the theorem is an immediate consequence of the
well-known theorem of Lucas ([14], p. 14):

Every convex polygon that contains all the zeros of a polynomial f(w) also
contains all the zeros of its derivative f'(w). Since all the zeros of p (z) are
simple, p' (w) can have no zeros on the unit circle. According to the theorem
just cited, they, lie in the interior of that circle.

Theorem 2. 2. There exists a number 2 1 > 0 such that the zeros
wv = wu

(hL) of the polynomial R(w, hL) are simple for all values of hL E [0, 21).

Proof: It follows from (2. 1. 6) that

R(1, hL) O (hL < 2). (2. 1.8)

The zero w i = 1 is. independent of hL and, by virtue of the assumption regarding
p (z), it is simple.

15

or

where

(2. 1. 6)

atw= 1.

(2. 1.7)
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To prove that the remaining zeros of R(w, hL) are simple for sufficiently
small values of hL, let us use the following theorem from the theory of functions
([1], Theorem 11, p. 131):

Suppose that the function f(z) is analytic at a point z = z0 and that f(z = w0.

Suppose also that the function f(z) - w0 has a zero of order n at z0 . Then, for
sufficiently small E > 0, there exists a 6 (E) > 0 such that the equation f (z) = a
has, for all a satisfying the inequality a - w0 < 6, exactly n roots in the disk
IZ-ZOI < E.

In the present case, we take

9(z) /221(z) ( z) · '(z) T /22

By virtue of the assumption on p(z), this function is analytic and the point z = z

(for v =2, ... , k) and we have f(z v) = 0. Every point z is a zero of order 1.

According to the theorem just stated, the equation f (z) = hL/2 has, for sufficiently
small values of hL (such that hL < 2 1) exactly one root in the disk I z - Z v I < E

for v = 2, .. , k. This completes the proof.

Theorem 2.3. There exists a positive number Q22 such that the zeros w=

w
w

(hL) (where v = 2, ... , k) of R(w, hL) lie, for all hL E(0, 22), in the interior

of the unit circle.

Proof. The coefficients aCv of the polynomial R (w, hL) are, in accordance

with (2. 1. 6), linear functions of hL:

The proof of this theorem (which is important for the convergence of the (R, S)
procedure) rests to a considerable extent on the fact that the zeros w

v
(hL) of the

polynomial R(w, hL) are continuous and continuously differentiable functions of
hL, in particular, in a neighborhood of hL = 0. This implies the existence of

TB D j o,(0) (j = ... k).

Since

*k) 0 + (7-lk

R(wj, hL) .,0 - y L A' + ) -- (v-) J
9 s 

16



we obtain after a simple calculation

*(hL) 'X 9 (L) 4 2 (V -I) )

IX k9a2 1

* + E 9 a (hL)) : ' ~* a (w().l). > Z9 .'

I
)

However, by assumption, w. (0) = z. for j = 2, ... , k and, since all the / 23
zeros of p (z) are simple, 3 J

9- . `9) ·V l(0) • ' (Oji ( 0.

It then follows .that, obviously,

;~(0) I - X(-) ( = 2, .... ).

Let us take w. (hL) as a vector whose components are functions of the parameter hL.
3

Then, as is shown in elementary differential geometry, the vector w. (0) represents
a tangential vector of the curve described by wj (hL) at the point wj () = z. and, in

fact, it is a tangential vector in the direction of increase in the curve parameter hL.
The proof will be complete if we show that this tangential vector points into the in-
terior of the unit circle for j = 2, ... , k. The components of wj (0) are

2 (1 - con 9j) and -ln A.

Also, wj (0) 0 O for all j =2, ... , k. The vector from zj to z1 has components

(i - cos V, - DI ns), and a comparison of these two component pairs shows that the
vector w. (0) does indeed point into the interior of the unit circle. But since w.

3 3
(hL) is continuous in a neighborhood of hL = 0, there exists an 2

2
> 0 such that

the inequality hL C (0, .n 2 ) holds for j = 2, ... , k and all lwI(,)I < 1 . This com-
pletes the proof of the theorem.

The second modified characteristic polynomial S(w, hL) is constructed in
accordance with (1. 3. 8). The function

*(vu) · (lo )-1 , (with lo; =O 0)

is holomorphic at the point w = 1 since p*(w) has, in accordance with Theorem
2. 1, a simple zero there. Therefore, we again take

17



, a (a - x)9
(2. 1. 9)

and define

~~k it~

e SO pw h.

Then, let us define the minodified polynomial S(w, hL) by

hLL s(w,ha) = 0(w) . I--., (A)

(2. 1. 10)

(2. 1. 11)= E p9w9 so
1)

PNW

Equation (2. 1. 9) and (2. 1. 7) imply

(2. 1. 12)

For numerical integration of the initial-value problem (1. 1. 1. 2), we now apply not
the (p,r) difference procedure but the modified (R, S) procedure:

Ic Xnn+
9 .0

Ic

- h9z=0 I \ doO~~~ (2. 1. 13)

The coefficients of the two assigned characteristic polynomials are linear functions
of hL:

(2.1.14)hL 
PV 9 z- , - q

In analogy with what was done in Chapter 1, let us assign to the (R, S) procedure a
difference operator M. We set

(2. 1. 15)

where the new operator

Ic:

"=0

(2. 1. 16)

can be taken as the difference operator assigned to the (p*, a- *) procedure.

·Theorem 2. 4. The characteristic polynomials of the (R, S) difference pro-
cedure satisfy the relationships

18
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so(w) (103 W .B

'to 'T ( 0' )

(9 ,= 0, I .... i).

M [u(t); hL] L L [.(t);' hL - D* ( ,(t); hL ,9-~~~~~~



and R'(1,hL) - S(1,hL)

for hL C [0,2). (2.1. 7)

In what follows, we shall call these relationships the consistency conditions of the
(R, S) procedure.

Proof: The first relationship follows immediately from (2. 1.8). For the
derivative of R (w, hL) with respect to w, we find

hL
R'(w,hL) ?,'(W) .- · 9'(w) + (w - 1) ?"(w) ).

Thus, we have

R'(1,hL) g',().(1 i--).

On the other side, by virtue of (2. 1. 11) and (2.1. 12),

S(l,hL) = (1)+ '(1) .

By assumption, (1. 3. 7) (the consistency condition for the (p, a) procedure) holds,
and this implies the equality of the right sides of the last two relationships.

2. 2. The order of the difference operator M.

Define the function p * (w) by

('%) . M°-(- 0 O) (o O0). (2.2. 1)

This function is holomorphic at the point w = 1 since p* (w) has a simple zero
there. The polynomial a * (w) was defined in such a way that the function Sq * (w)
has a zero of order p = k + 1 at the point w = 0. The following lemma, the proof
of which can be found in [20] (p. 226), provides information regarding the order
of the difference operator M*:

Lemma 2. 1. Suppose that the above-described function p'* (w) has a zero / 26
of order exactly p = k + 1 at the point w = 1. Then, the difference operator M*
defined by the polynomials p * (w) and ar * (w) is of order exactly p = k + 1. The
converse of this assertion is also true.

From this it follows, by virtue of the definition of the order of a difference
operator that whenever

M* [x(t);h] C Z 9. h .X( )(tj020 ~ C~, *h'~ .~(v·

19

R(l,hL) = 0



we have

0 . Cko+ 2 0Co ....* 0 C

then,

[P(t); hi 0 cl+2' =(e) h (2. 2. 2)+ d(h

for functions x(t) that are at least k + 3 times continuously differentiable. With
(1. 3. 4), we have

c+a a -
LCE +2 T=i. >V i ·z

V=1

(2. 2. 3)

Since the given difference operator L is assumed to be optimal, the modified dif-
ference operator M has, for all sufficiently-many times. continuously differentiable
functions x (t), the form

where

('+3) L , ) %+3 Ik4
M [2(t); ~] - (Ci,,3 ' * (t) ) 7 ' C,+a · t)+) h ,+ O( ),

C 1 9Zj)+3 . '-w >±.+2 p9 O.

Chs~~~~~~~~~~~~~~~~~~~~~~~~~~~ ' n~~~~~~~~~~~~~~~~~~~~~~~~~~

(2.2.4)

(2. 2. 5)

We have thus proven

Theorem 2. 5. The modified difference operator M is optimal: that is, its
order, like that of the operator L, is the maximum order p = k + 2.

2. 3. Convergence of the (R, S) procedure.

Definition. Let the quantity d (L) be defined for fixed L > 0 by

d(L) a Max g

sgD(L)

(d(O) - H)

where

D(L) { g I 

and

h) , (hL) I 1
G(h) - N1':r (e M

20
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The number M again denotes a Lipschitz constant of the function f (t, x). The
set D(L) if a nonempty set for every L > 0 since ac A 0 and therefore

hL hL

For what follows, let us assume that (for a fixed L > 0) the step h is contained in
the interval (0, d(L)). This means, in particular, that

h . '

Let us also define n = im(nfl, n2), where Q, and &22 are as defined in Theorems
2. 2 and 2. 3.

Definition. Suppose that so, ... Skl are functions of h defined for all h

x (0, d(L)) and suppose that

lim %,(h) - 3(0) = D (9 D 0,1, . ,, ,-).

h-0

Let x denote that solution of the difference equation (2.1. 13) defined by the initial
n

values x,=s (h) (for v = 0 , 1, .. oo k - 1). Then, if

.,a [ -t.(t,)[ i o. , h- -,

n=O, ,,...

the (R, S) procedure is said to be convergent. (We still denote the exact solution
of (1.. 1. 2) by x(t).

Theorem 2. 6. The modified (R, S) procedure obtained from the optimal
(p, ) procedure is convergent.

Proof: Let the sequence {Xn} =' {(h}} denote the solution equation (2. 1. 13)

defined by the initial values xm =sm (h) (for m =0, .1, .. , k- 1). If we set

o(h) ? =Ix [am(h) - x(tm)' lax jxm(h) - x(tm){, (2. 3. 1)
m-0, .,.. k-I

then

lim C(h) O.

h-0

Let us now estimate the value of the expression M [x(t); hL]. By virtue of our
assumption, the exact solution of (1. 1. 1. 2) is continuous and differentiable on

21
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[0, b], so that, by virtue of the theorem of the mean

t < ? <' t * t ESl, , ?i

' Etm [O,b]

Furthermore,

x'(t m 9 ) ° x'(t ) + 't) - '(t) 
I t-t° I6 9 h

t, to [o,b] t i m l c 1). (2. 3. 3)

If we not set

a Ix'(t) -N '(tjl - %t (% h),
It-tol ; h
t,t. t O,b]

then the last two conditions become

X(t m+) = X(tn) + sh [x'(tn) + °m · X (vh) (I|°l ;)

and

x(tm+,,, ) = x'(t
m

) 4 
m

X ( 9h) ([Om] 1).

Let us write the difference operator M in the form

M [1x(tm);h] ' at x(tm. 9h) - h t3 X'(t + h)

hi.,
+-- ( E p9 "(tm + 9h) - h _ q. % '(t=; 9h) ).

9=0 9 0.

With the aid of the relationships (2. 3. 4) and (2. 3. 5), we find

m CxTm);hL] - X(m). - 9, + h - x'(tm) *· ( 9 ' 9 -h )

9 ,0 9 0

4h . . ZO 9 OCV (h)-h . .O m ( h)

+-- [,(tm). * p9 h p .(t). (, P9 -%).

22
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(2. 3. 5)

(2.3. 6)

(2.3.2)



b' Om - P9 (gh)*h 'sZ, . q9 . (h)] .

If we observe the consistency conditions (2. 1. 17), it then follows that

[(t,); hL] = h (°;L' X" 9 " x"> - ' r ',. X(9,h

. ha X' (O0,' *(9h)q h) ;.

s s9=0

*A~~~~~~~~~~q (A
ti~~~~~~~~~~~~~~4-

It-t'l ,h
t,," t E[,bJ

we have

-((9h) > O, X(O) = 0, X(9h) ~ <(kh) (v O .... X),

and then, as a direct consequence,

|' 4 ,0 OX<" | (W) -
4=0 .v=0

| 2 p9 ( 9 h) | S X (lh)

9=0 9 =0

k X

-9 P, (.h) 5 x( '-h) *9 |
9 =0 =0

k k

Furthermore,

0'm

0'
m

k

Z 9·gX(gh)
V .O

lI

9 pV )(9h)) -0

I;

o. ' (kh) .* j9| '(l<3i ' 1')
9 J 4

k

. O°.'. X(=)- · ""IP, I (j1,' ~ 1)
9:0

V-0

(2.3. 6)
(cont' d)

(2.3.7)

/:,
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IC

Om _ c X((h)
9 0.

If we substitute these expressions into (2. 3. 7), that relationship reduces to

I M [X(tn); hL] I = -r h- :X(kh) K ( ITm 1)

with the abbreviations

k

kV0

hL

The second part of the proof consists in finding a difference equation for
the discretization error en = Xn (tn) and then estimating the solution of this

equation. We subtract from the difference equation (2. 1. 13) the corresponding
expression [x(t);hL] .

We obtain

Y -- h 1 *%+V

9 ~0 9 ~v'=O
=T . h' X(Lh) X,

mn
(2. 3. 8)

where the quantity gn = g (tn) is defined by

-1 e A 0Oi a'

To estimate the solution of the difference equation (2. 3. 8), let us define

It

Q(w,hL) , R(w
'

1 , h.L) . Wi z '

V,0
(2. 3. 9)

The zeros of this polynomial are

Hu e(= 1,... ao

Here, the quantities w = w (hL), for r = 1, . .. , k, are the zero of the polynomial /32

R(r, hL). For hL [ 0, n ) the rational function [ Q(w, hL)] ' l has only simple poles at

24
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1:la, he) - 5 1qV1I (11t1 5 I).
9 = 0

,[ f
(

t
n
, n) - f(tn,'x (tn)i )]

n , . n n O



w = W for v = 1, ... , k. The decomposition of this function into partial fractions

is therefore

BlB

[Q(w, hL)3 -]1 (2. 3. 10)

Furthermore,

Q(W, bL) _= .o" 'r
(W -; 1 )
(W -w1

where the cofficient o'0 is nonzero for sufficiently small values of hL since

PO = 1i - 2 2 '

and, in accordance with Theorem 1. 8,

0 u CC i 0.

The coefficients B in (2. 3. 10) have the form

It

B9 ' (o 1* ( -l) )
p.l
yu/9

It follows that

-1
[Q(,U bL)]

/33

(2. 3. 11)0 -1-. B 

94 1 v W 9

where

Since the relationship

(W * v. )M

may be used for [w . w I < 1, let us write, in place of (2.3. 11),
VI

[Q (W. hL)] n- . .o-
k

9y1
o~~~~c

By . W( (w ) ).
mO0

If we now set

25

hL
0 0. O *- PO'

1
w - W= v-W~~~~

( 9 1, .... , L ).

B o a a* B9,, ~o B' ( V = I, ... , .).



(2. 3. 12)

then

.. , -e

k,")U iill .i c (ut': t, ), V,.: jiia:.

rN-! a >-II.
r' i ,,~~~

IC

0,. (2. 3. 13,

\\Ve ilow filnd froijn (2. O. 9) and (2 . O. 12)

. <~(,, w. 4.. , 0 .' W ) . (w' o + ' ` +.-. ,

This immediately yields the following relationship between the coefficients
;9 and i0'.

hk WO - 1,

-+ o. L 0° O
(2. 3. 14)

( > 0)

(p - 0 f0 rp < 0).

For what follows, let us write the difference equation (2. 3. 8) in the form

k k

>1 o h0 a c o 4. (1 a-T h X(h) * ).

Let us now multiply the mth, that is, the (n - k - r)th, equation by yr, for r = 0,

... , n - k, and sum the results. A simple transformation yields the following
expression for the left-hand member:

n =n (k- n- + C O B n-21+l) C1i + ... + :0 n-i;'CO
'

(2.3. n n 0 an -1, O' ~~~~~~~~~~~(2. 3. I,'5) / 34

After an analogous transformation, the right-hand menber becomes

Rn [ A (el 1 k-Ln-l +-, 

" (Pb i3k *- · + 0 3) an-n n-l ;+ .n0 3n-Lao eO

+ ln+l: O 4 '" + 10o n-k 
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When we equate An and R n, we get

e + ... ' 0 n;-.+l)l+ *a-I + '" n-h eo] +

hb [ 05n~n4*** + 0-kU10OJ +

Ine So + *-- + lo 0n-k 

By virtue of our earlier assumptions and definitions, we have

.Up 'm. ' *

SUa 1x ° j(h)

=O0, ... , k-1

jf(t ,m ) :(t , (m ))J ;.

We thus obtain the estimate

le, I5 r o. l 'l + .h * j ' * | ol- i
V =0

kI n-l n -:

v= v=0 9 =4

But since 'ky%0 ' i whenever (2. 3. 14) holds, we have /35

n-1

c hnl r haj* IW. * P| Pr h *VI B/ (2. 3. 16)
9 =0

*r D * A o· NrA

with

9 =0

9n0

The discretization error therefore satisfies the inequality

n-1

I nl 1 -h (1 - h 2 lOui + 1;- O - X + F. J\).

(, -. E la- - :ej.I B ~(2. 3. 17)
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To obtain a somewhat more transparent form, let us make the following abbrevia-
tions:

Q
MU ML Di 

H - r0( O , s 3 A) a

Then, instead of (2. 3. 17), we have

n-1

9 0
I e9V + H". (2.3.18) /36

The general validity of this inequality can be shown by induction. on n. Since

A -r°" t I

and

HQ ; r .-A 

it follows that

H Z c.

By assumption, we have for m = 0, 1, ... , k - 1

lo.I H'Mihs° i

or, by virtue of (2. 3. 19),

MI I (1o. O)

Let us assume that the relationship above holds for m = 0, 1, ... , n - 1.
we use (2. 3. 18), it follows that

|%I c | h . ^1°H° _( + h -1)nrl o
I + ha -1

We than get directly

When we apply (the familiar inequality 

When we apply the familiar inequality

I as'O1+~ bLL 75 24~0

28

(2. 3. 19)

(2. 3. 20)

When

r
° '(I .4- '.l d l ·7 ,ao r I - I k' I )-; -

Di3 . B r, ,



it follows finally that

IO. I 5 ', '- ( > ) .0
Ion1 ~ 

Written out, this inequality has the form

ler It r1 · (X(h) · k. s(h) + N .'h-(kLh)-K(h)). cxp(tnM(h). fr(h) ). (2. 3. 21)

It still remains to discuss the behavior of e as h - 0 with nh = t and L fixed.
n n

Since A, B, and K are linear functions of h, they remain bounded. Furthermore,
by assumption.

Iirn s(h) ' = 0,

h -.0

By virtue of the uniform continunity of x' (t) (which = f (t, 'x, (t)) on [0, b], we have

lIm X(klu) = lir (M.X' I x'(t) - )x'(t ) ) .

h -0 h -olt-tl 5 h h

It only remains to investigate the behavior of Pr and of ?4.
we have

I' I'Xra I

By virtue of (2.3. 13),

k Ik

P1 .91

But, for sufficiently small values of hL,
we have, on the one hand,
we have, on the one hand,

Xa wA ' (, 9 P).

and, on the other,

0 

Therefore, j is bounded:

lim r(h) . c < co

h 0

/38Therefore,

lenl-0 as h-0 , as t infixed, L fixed tn [0,b]

which completes the proof of the theorem.

Another assertion regarding the discretization error, which we shall we use
later, can be inferred from the convergence proof without further difficulty.
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Let us assume that the values x do not satisfy the difference equation (2. 1. 13)

exactly. Suppose that instead

V DO .- 

where | On I < 1, k1 > 0, and q > 0. We then find the following estimate for the
discretization error:

e]nl 5 r *(A'~'" * * N(h ( Ox ) * Ii :i h)). c(t r)(2. 3. 22)

2. 4. The constant of the (R, S) procedure.

The quantity

C!k+ CL+3

which is invariant under multiplication of the difference equation (1. 1. 4) by a
zero constant, is called the error constant of the (p, or) procedure. Since z1

= 1 is a simple zero of p (z), we have p' (1) A 0.

Another expression for C can be found by applying the difference operator L
to the function x (t) = exp t. Since L is of order p = k + 2, we have

L [ot; h] d ot
'

(,(oh) - h* a,(o
h

))

ot C b+9 +

and hence / 39

(eh ) h. ' (e h ) = .C +
3

hl+3 + d(hk
+ 4 )

On the other hand, since p exp h - h . crexp h has, by the construction of a
(z), a zero of order k + 3 at the point h = 0 and is holomorphic there, we have

o() (Z_)+2 +d( (Zl)k+3 )

(h log z, log z (z - I() + =((z 1)2) c )3

From this, we can conclude that the coefficient Ck+
3

in the expansion (1. 3. 2) and

the first nonzero coefficient in (1. 3. 8) are equal (see [20], p. 227):

Ck+3 CZ+2
C q7M ' = -

C()D 9 (1) C 0 )or, since c() = (1) = co ,

or, since a(1) = p' (1) 
=

CO,

30



C,2
C = C

0

- (2.4.1)

In an analogous maimer, let us now define the error constant C * assigned to
the (p*, a *) procedure. When (2. 2. 2) holds, we have

2M [ct; h] e t · 9 g (C ) - h· °(oh) )

a C°hr * et th* f ct(hk+3) 

Therefore, the function

p* (exp h) - h a * (exp h)

has a zero of order exactly k + 2 at h = 0.
- 1 +0 (z - 12),. we have

Hence, with z = exp h and log z = z

_ _ o ' (z) a Ck 2. (; - Ik14 C-(1 ) i) %.)(

Since, by virtue of (2. 1. 12), p' (1) = yO, let us define

-1 c(L ) · c k+2 

or, in analogy with (2. 4. 1),

c
C L .l+2

C N
V =0

The expressions for C and C * written out are

C . ( 7 c -cX,
-1 [

. r 
I ttk P k

T. %) +3. \,)
9al. 1 S 19 j

LE p ) * [- r
v 9 (oz.

± Q2. L p-2

9 ' 1

1 V

/ 40

and

c L

I9 .+l qI .ir ,j

31



CHAPTER 3 /41

STABILIZATION

3. 1. Stabilization in the case x' = -Ax.

We shall now determine the growth parapeters X corresponding to the (R, S)

difference procedure. To this end, w' introduce the special initial-value problem

X' = -A.
~,. x(O) = 1 (3.1.1)

where A denotes an arbitray nonzero complex constant. The difference equation
(2. 1. 13) then takes the form

k
E As zn+9iI~~~ zs~ Ah=~~~~ Z(3.1. 2)

9=0 V 0

It is linear and homogeneous and it has constant coefficients. The solutions v

of the corresponding characteristic equation

R(w,hL) Ah'- S(w,hL) 0 (3. 1. 3)

approximate the zeroes of the polynomial R (w, hL). Therefore, as in section
1. 4, we set

v : ~ (I-ni c. 2)) ( :=, ... (3. 1.4)

When we substitute this expression into (3. 1. 3) and compare the coefficients of h,
we obtain for the modified growth parameters

S(V', hL)

'Xv>9~( , 1 .. R'.w. ET (9 A*-Xa (3. 1. 5)

with 1 l =1.

For small values of hL, the X are bounded since, in accordance with

Theorem 2. 2, all the zeros w are then simple and nonzero. Furthermore,Theorem 2-.2, all the zeros v are then simple and nonzero. Furthermore,
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(under the assumption that p (z) and o(z) have no common factors),? 7 0 for all

k.V= S ooo9 k.

If we expand the expression (3. 1. 5) for hL (0, Q) in powers of h, we see /42

that

*~ sdC(kh) , (°-1. 6)

where the quantities

' (Zv )

are growth parameters of the (p, a) procedure.

For the following discussion, let us refine somewhat the concept of stability.
We shall follow the terminology of Hull and Newbery [27] and shall distinguish be-
tween relative and absolute stability:

Definition 1. The (R, S) difference procedure is said to be relatively stable
with respect to (3. 1. 1) if the solutions of the characteristic equation (3. 1. 3)
satisfy the condition

IV I ac ivll - ' ()

Definition 2. The (R, S) difference procedure is said to be absolutely stable
with respect to (3. 1. 1) if the solutions of the characteristic equation (3. 1. 3)
satisfy the condition

Iv91 < 1 (V , 2, ... ,)

Our next task is to find conditions on the stabilization parameter L under
which the (R, S) procedure with respect to the initial-value problem (3. 1. 1) is
relatively or absolutely stable. Since

hL (a -
)

' ZXh)

we find that, instead of (3. 1. 4), we have

as h-- 0 with nh = tn, L fixed. When we apply (3.1. 6), we get immediately /43

v - exp(in cp(- A) It] + C h) (3. 1. 7)[ 
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Therefore, for relative stability, the condition

ep(L Re -_- - Re A ) < cp(-RcA) (V =2, ... ,)

must hold. This condition can be simplified since, in accordance with Theorem
1. 9, the growth parameters of the optimal (p, a) procedure are real. We find

In' a 'caas l -1)- we ReA < -RcA (a 2, ....

In an analogous manner, we obtain the condition for absolute stability

. (cots -1) - RA, < 0 ( 2, ... 

Let us express these results in the following theroems:

Theorem 3. 1. a: If the stabilization parameter L satisfies the inequality

-(X -1) * leA
L >a · M; 1-o~ S ( 9 2, ... i) , (3.1.8)

then the (R, S) difference procedure is relatively stable with respect to the
initial-value problem (3. 1. 1).

Theorem 3. 1. b. If the stabilization parameter L satisfies the inequality
AV n'o A

L> -2. o A ( ... - ,' (3. 1. 9)

then the (R, S) difference procedure is absolutely stable with respect to the
initial-value problem (3. 1. 1).

Let us look,' in particular, at the case -Re A < _0, we see that the growth
parameters X such that X - 1 < 0 are decisive for relative stability whereas all

negative X must be considered for absolute stability. In this case, relative sta-

bility implies absolute stability though the converse is not true. In case -Re A > 0, / 44
absolute stability implies relative stability.

3. 2. Stabilization in the case of a linear differential equation.

The results of the preceding section will now be generalized to the case of a
linear (homogeneous) first-order differential equation with variable coefficients.
Suppose that we are given the initial-value problem

x' (t).x, x(0o) . 1. (3. 2. 1)

We assume that the function g(t) is defined and continuous on the interval [0, b]
and that g(t) is real-valued in the interval.

The difference equation corresponding to this differential equation is
linear and homogeneous. However, the coefficients in it are functions of n:

E ( h V 5 ) 0n ° (n 0,1,...; til [Ob]). (3.2.2)
34
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Let us first construct a fundamental system of solutions of the point n = 0. Sup-
pose that v (for / = 1, ... , k) are solutions of the equation

R(w,hL) - h0o.S(w,hL) 0 (CO = (O) j

If gO i 0, then, for sufficiently small values of hL, we have vA i v for A v .

If g = 0, then v w , where R (w, hL) =0 (for ! = , ... , k) and w w

(for p1 i v). The determinant

/ v: vI ... v
k
'

is, in every case, nonzero for sufficiently small values of hL. Consequently, the
n-I for( g 1,\ ~~r /I~· /45

sequences {v for ( , .= k) constitute a fundamental system of solutions

for (3. 2. 2) at the point n = 0. In accordance with ·Theorems 1. 1 and 1. 2, the
general solution of this difference equation can be written for n = 0 in the form

x
n

' * v + C(h) (3. 2. 3)
oli

under the assumption that hL is chosen in such a way that the quantity o - hgo ?o
is nonzero, and this is always possible for sufficiently small hL.

Let us now define

Z() . ('l vP (3. 2.4)

with w/ A 0 for sufficiently small hL. We then have

9 au'P' -D ijy(P)1 Cn~3~. Z noZO) · (3. 2. 5)

with

- 4' ) 9 ' 9 (9 u O .... ) .

For every p = 1, ... , k, we define a new difference procedure possessing the
characteristic polynomials

V.SO
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and

S ) (, hL) ' S(Vw hL'd )u0P)V .V

We can easily verify the following properties:

a")(ln,hL) 0 u , o4

and, by application of (3.1. 5), /46

R
( )

(1,h'..) w, R', ; 9,L) 
'

S (w" ) -.

These difference procedures satisfy a consistency condition of the form (2. 1. 17)
if we choose as their second characteristic polynomial the polynomial

S1 () (Wh) C .a>: S$(~)(W hL)

Then, equation (3. 2. 5) becomes

E ,9 - *ppi >;q>V Ap Z 0+9

V 0 P(3. 2. 6)
(p l ... .

In accordance with section 2. 3, * the (nt) , S() ) procedures converge. If we
apply these procedures to the initial-value problem

Z( )' Z x · ~t)2(';) , z(;')(o) c X, (3. 2. 7)

whose exact solution is given by

Zwe get the ne eqution (3. 2. 6) e reltioship
0

we get the diffecrence equation (3. 2. 6). Since the relationship

"~~1 ;V

36

"One can show without difficulty that an (R, S) procedure also converges when
the zeros of R satisfy not the condition of Theorem 2. 3 but the weaker condition
w = z v (1 + c . hL + O (h2)). The proof is analogous to that given in section 2. 3.
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holds for the initial values Z (for v 0, 1, ... , k - 1 and p/, . .. , ), we /47
have

z
( ')

Z()(t ) + Ch) n

Therefore, the asymptotic behavior of the solution of (3. 2. 2) as h-- 0 (with nh
t and L fixed ) is given by
n

Un E P z(P j Z@ ~)(¢+ O(h)

Since , I N + GCh), we then get
P

! 
n
a = D1 Cex( | (t) dt) +

P. '_% :r ') -I' n

t

f ..,, As f ·(giad) + (
o

Again, we see that the first summand approximates the exact solution of our
initial-value problem.

For the solution xn to be relatively stable, the inequality

t t
L -Pn tn 

F o o

must, in accordance with the definition given in section 3. 1 (and appropriately
modified) hold for all L = 2, ... , k.

Theorem 3. 2. a. The (R, S) difference procedure is relatively stable with
respect to the initial-value problem (3. 2. 1) if the stabilization parameter L
satisfies the inequality

L, > -,Ao , 1c [0,bl, (3. 2.10)

(Translator's note: No equations are numbered (3. 2. 8) or (3. 2. 9) in the
original German).

In a similar manner, we obtain the condition for absolute stability: / 48
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Theorem 3. 2. b. The (R, S) difference procedure is absolutely stable with
respect to (3. 2. 1) if the stabilization parameter L satisfies the inequality

L > 2 * ~.o) .... t -, [0]o 3] ,2. 11)
nn 9'2, I-CO3 qV n

One should note that all these theorems describe a definite asymptotic behavior
as h -- 0 with nh = t fixed and L fixed.

n

In particular, if we set g(t) = - ReA, where A is a nonzero complex number,
inequalities (3. 2. 10) and (3. 2. 11) becomes inequalities (3. 1. 8) and (3. 1. 9).

The distinction with section 3. 1 obviously consists in the fact that in the
present section the stabilization parameter L has to satisfy an inequality whose
right-hand member does not remain constant. In general, with every step, one
has to stabilize anew; that is, one works with a variable L. However, since hL
must belong to the interval (0, 2), one first finds the maximum value of the right-
hand member of (3. 2. 10) (or of (3. 2. 11)) (for a given interval of integration
[0, b]). The step h must then be chosen in such a way that the inequality 0 < hL
< 2 remains satisfied for all tn [0, b].

n

3. 3. Stabilization in the case of a nonlinear differential equation.

In this section, we shall investigate the numerical integration of the initial-
value problem (1. 1. 1, 2) with the help of the (R, S) procedure. . Of course, we
assume here that the function f(t, x) is at least (k + 3) times continuously dif-
ferentiable with respect to x in the interval [0, b].

In contrast with the preceding, we shall now discuss directly the asymptotic
behavior of the discretization error

on o an' ' -a)'

Let us assume that the values xn exactly satisfy the difference equation

%V)=0 9'3=0

Let us subtract from (3. 3. 1) the corresponding expression for the difference
operator 'M:

k

(t+ f n+ n+

where

(. ,

We get
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F(t ) + ,

or, since x =en x (tn)n n n

9 _V n h\ x1;9 nV. a9 V

= r( n ) · h +3 + Ca M
) . (3.3. 2)

(Here, we have assumed that the function f(t, x) has a continuous first partial
derivative with respect to x.)

Suppose that the initial values for e are sufficiently often differentiable
functions of h:

o = .((h) with 6(h) = (h), q 1

(} a, O. i.... 1X-1).

Then, the relation / o

e
n

= (Jhr), r. mLn (+42,q) .

(see [20], Theorem 5. 11, p. 248) holds for the discretization of e . For what
n

follows, it will be convenient to use not en but the "augmented" discretization
error

En h * e
n n

Then, E satisfies the difference equationn

a E nV -h E 9 * t E ;-nCn\ ' ((3.3. 3)a~ E+ 
=

u n + ' 2

9.O 9.O

since r + 1 > 2 and k + 4 - r > 2. Also, f stands for x(t+ . x ). The

corresponding initial values are

E (. h ( h) = h ( ( 0, 1,.... -). (3. 3.4)

We know from the theory of difference equations that the solution of (3. 3. 3) is the
sum of the solution of the homogeneous difference equation
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?. -

(& -h,%. 7 ) .=+V °' III (~ ~h (3.3.5)

with initial values (3. 3. 4) and a solution of the nonhomogeneous equation with initial
values 0, ... , O. We are interested in the nature of the solution of the homogeneous
equation with the initial-values mentioned since this equation is the key to the dis-
cussion of the stability. We spoke in detail of a difference equation of the form
(3. 3. 5), so that here we will confine ourselves to proving the following result:
the solution of (3. 3. 5) determined by the initial values (3. 3. 4) satisfies the
asymptotic relationship

E A- vA* Z !(t) + Cah) (h 0., r > L fixed),

where Z( ) (t) is the exact solution of the initial-value problem / 51

3\ a ;p. i=(t) . Z(P) Z(?(o) l . 1 ..... .1 (3. 3. 6)

It has the form

Z(t) ( o(p | a)o) i) ii.t,: (t))

The relationship for the error En is written

·xfi -" ° t + e;pp'+ -( h)> (3. 3. 7)

as h - 0 with nh = t n and L fixed. The inequalities for the stabilization parameter,
which follow immediately from this, are contained in the following two theorems:

Theorem 3. 3. a. The (R, S) difference procedure is relatively stable with
respect to the initial-value problem (1. 1. 1, 2), where f(t, x) satisfies the assump-
tions made at the beginning of this section provided the stabilization parameter L
satisfies the inequality

< >, - z) ·/ ) n,(). t;. :
L. .... O--- <(t% e [o,'3 > (3. 3. 8)

Theorem 3. 3. b. The (R, S) difference procedure is absolutely stable with
respect to the initial-value problem (1. 1. 1, 2) under the additional assumptions of
the present section provided the stabilization parameter L satisfies the inequality

t

L > 2-, (ta [0,] )-c 
.}n ty ..*.*., k l-coa ,~O
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If we compare these two results with the inequalities of Theorems 3.2 and /52
3. 1, we notice immediately that the earlier relationships are special cases of the
present general stabilization inequalities since in those theorems the function
f(t, x) = g(t) . x and the function f(t, x) = - Az satisfy respectively the additional
assumptions.
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CHAPTER 4 / 53

SYSTEMS OF DIFFERENTIAL EQUATIONS

4. 1. Systems of linear equations with constant coefficients.

The purpose of the present chapter is to extend the results proven in the
last chapter to systems of first-order linear and nonlinear differential equations.

First of all, let us again investigate the simple case of a system with con-
stant coefficients, namely,

x' AX, x(o) = s ( = , (4. 1. 1)

where

X C X(t)j (xl(tj, . xm(t))T

A =(ail) (square, of order m).

Suppose that the elements of A are nonzero real numbers. Let us denote the
eigenvalues of A by sl, ... s

If the eigenvalues of A are all simple, then there exists a regular matrix T
such that the matrix D = T-1AT is a diagonal matrix. The elements on the prin-
cipal diagonal of D are the eigenvalues of A since these are invariant under a
similarity transformation. Let us define the vector Y by Y = T- 1 X. It follows that

Y' = T-iX' a T-1 ATY = DY.

The transformed system is then

(yO' . Y(O) T .

(V = 1 .. , mn).

The m differential equations are of the form (3. 1. 1). There are two ways open to
us: we can stabilize each equation individually or we can choose L in such a way
that we achieve relative or absolute stability simultaneously for all m equations.

The first possibility leads, for relative stability, in accordance with (3. 1. 8)
to the equality
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L > 2 *L i, ., m) (4. 1. 2)

9 =2,. .. ,k co

whereas, for absolute stability, we get the inequality

L > 2 *r (1 = ... m) (4.1. 3)

in accordance with (3. 1. 9).

If we wish to use a single value of L to stabilize all m equations together
(which is primarily advantagenous in the case of a small spectral radius of A),
L must satisfy the inequalities

(%~ -1) · Do z
L > 2 -

for relative stability and it must satisfy the inequalities

L > 2 *_tV'

for absolute stability. However, the matrix A will not in the general case have
only simple eigenvalues. In this case, we use the following theorem of Schur
([2], p. 195) (treated in linear algebra) in our further discussion:

Corresponding to a given matrix A there always exists a unit matrix U
such that the matrix T = U* AU is a (lower triangular matrix. The elements on
the principal diagonal of T are the eigenvalues of A.

Therefore, the transformed system (4. 1. 1) is written

Y' - T.Y, .Y(O) , 'U , (4.1. 4)

since U is a matrix with constant coefficients. Specifically, we have

/55
(YP) P ..... , , ... /

where the first equation has the simple form

(Y 1), . '
1

½

The difference equation corresponding to the gth equation of this system is non-
homogeneous. It is
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Z 0' Ypn+ P h -
9=0

..
9 n+9

.h
+ h T F9 n

\V __O

(4. 1. 5)

with the known function

+? 1n+\)
1F1

.O.

As was mentioned earlier, the general solution of (4. 1. 5) is the sum of the general
solution of the'homogeneous equation

(4. 1. 6)

and a particular solution of the nonhomogeneous equation (4. 1. 5). Consequently,
the eigenvalues of the matrix A are again decisive for relative and absolute
stability although they are no longer necessarily destinct from each other. This
fact has no effect on the inequalities (4. 1. 2) and (4. 1. 3), so that these are in
general valid for the initial-value problem (4. 1. 1).

4. 2. Systems of linear differential equations with variable coefficients. /56

Suppose that we are given the system

x = A(t).X, X(O) I = E (1 ... )
T (4. 2. 1)

Now, the elements aij = aij (t) of the square matrix A(t) (of order m) are functions

of t, and we assume that these functions are defined, real-valued, and continuous on
the finite interval [0, b]. Furthermore, we assume that A(t) A 0 for t ( [0, b].

We again apply the (R, S) difference procedure for the numerical integration
of this initial-value problem. The corresponding difference equation is then

k

> °{9v Xn+\)Psxs
1:

V =O

(4.2.2)

Here, Ap A(t) A (a%(tM)). Just as in the scalar case, it is a question of a linear
homogeneous difference equation with variable coefficients.

For our subsequent discussion, we use the following notation:

ix1I

.= / Q )/ . 1I I ~~XMtV */ l(t ) X(t ;) = . t l
. ' ;t(t ) .
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Just as before, X (tl) stands for the exact solution of (4. 2. 1) at the point t = tr,

whereas X denotes an approximation for this value at the point t =t . I denotes
r r

the unit matrix of order m.

To generalize the results found for the scalar case, the procedure chosen in
section 3. 2 cannot be used in its entirety. The reason is that, in contrast with the
initial-value problem (3. 2. 1), the exact solution of (4. 2. 1) cannot be written out
explicity. This means that we cannot solve the initial-value problem corresponding
to (3. 2. 7) and that we must therefore seek a way of at least estimating this solu-
tion.

To begin with, we proceed much as in section 3.2. Instead of (4. 2. 2), we / 57
write

- h .An) (4. 2. 3)
V =0

With appropriate modification, the relations (3. 2. 3)-(3. 2. 6) carry over immediately
to the vector case. Finally, as in section 3. 2, we have, for the solution of the dif-
ference equation (4. 2. 3), the asymptotic relationship (as h-- 0 with nh = t and L
fixed) n

Xn Z E ) N + i), (4. 2. 4)
p; p 

where the matrix Z (t) is the exact solution of the system

z()
'

·/. D · az ) * ;Z() , G) o (4. 2. 5)

As was mentioned at the beginning of the present section, the solution of this
system cannot be expressed explicity. On the other hand, it is possible to find an
estimate for it.

To this end, we first introduce a vector norm and a corresponding subordinate
matrix norm. Let 11 X jl denote the norm of the vector X (in some suitable sense).
Then, we choose as the matrix norm

A cut, -R_ 

Such a norm possessesses the following familiar properties:

a) la O , t 3It, = o A-, 0 A. o.
b) D c all = CC.' * iAll

c) }11A + ZE4jA2 · 4 i ·
d) uA EB ;S 1 Ag 1* 1 Di3
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Furthermore, j A X 5 .A} ;·

It is ilovwn (see, for example, [6]) that the solution of the system (4. 2. 1) can
be estimated by

xi (t) 11 " I X(o)I '- ( j (z) d) /58
0

In [11] (p. 10), Dahlquist gave a sharper estimate. This rests on the con-
cept of a "logarithmic norm" or a matrix which he introduced. This special norm
(actually a pseudo-norm as we shall soon see) is defined by

It has, among other properties, the following: 1

It has, among other properties, the following:

1) Y[A] can, in contrast with , be negative

2) [ |: ·
3) .Cq,,j , · j A , c * 0.
a, r 4)9 ; 3 p[:,] + p[j] . (4. 2. 6)

With the help of this form, Dahlquist then found the following estimate for the
solution of (4. 2. 1):

t
Ix(t)l1 X(0)II : c :/J-p [,()] do),

which, by virtue of (4. 2. 6), represents in general a sharpening of the above-cited
estimate. -

For our subsequent discussion, let us assume that the basic vector norm is
the Euclidean norm

m
D. (Ž I 912 i2

Then, for the subordinate matrix norm

where A max is the greatest eigenvalue of the matrix A* A (where A * denotes the

adjoint or complex-conjugate transpose of A).
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In this case, ,u [A] is equal to the greatest eigenvalue of the (symmetric
or Hermitian) matrix (A * + A) / 2.

Let t' [A] denote the smallest eigenvalue of the matrix (A * + A) / 2. Then,

j ce" ] c .3'j

p [cA]] C - p' [4A] 5

/59

C > 0

C < 0,

since, for c < 0,

pju [c. c I | p [ -A] = - c [] - C F p 'll]

Since the matrix B (t) = (A * (t) - A (t)) / 2 is symmetric (we are
assuming that A (t) is real-valued), the following relation holds for the
A. (E) of B (t) + as B (t):

I/

eigenvalues

(E -- 0)

(see, for example [46], [47]). Thus, we find, under observation of (3. 1. 6),

P[ p * (t)] u P[x> 1AR t )]

Furthermore, just as before,

as h c0 with (ch = t) and L fixed. From these results, we finally obtain the

as h- 0 with imah = t n fixed From these solution of the initially probtain the
sought-for estimate for the solution of the initial-value problem (4. 2. 5):

u z()) 1 z (z)lo)· I-- c ,p f
o

for alluA such thatA. > 0 and.

I z(U)(t) il Z(u)(") oi * cI),,'. f
o

P [iks)] ) 4 h)

p; [A(,)] ds) 4 Ch)

for those A such that X < 0 . Substitution into (4. 2. 4) yields
PI

t

G -nll B (~ CKP ( ~(Co7 c~ p(-(co q . A,1 J v
{ 7.1 I)-> 0} 0
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E{ c(L- (cp 7 - +' >;. Jr) + 0

(t [t] )[ ,

where

The stabilization inequalities for L can now be written immediately if, just as in
section 3. 2, we carry over. in a logical way the definitions of relative and absolute
stability. If we set

t

n ' 

U2 v t

( IC l-co

we obtain the following:

Theorem 4.1. a. The (R, S) difference procedure is relatively stable with
respect to the initial-value problem (4. 2.1) if the stabilization parameter L
satisfies the inequality

L > A-'- (U
x

, U.) (4. 2. 7)

Theorem 4. lb. The (R, S) difference procedure is absolutely stable with / 61
respect to the initial-value problem (4. 2.1) if L satisfies the inequality

L > x: (V
i

, V>) (4. 2. 8)

For the scalar case A (t) =g (t), we have / [g (t)] = ' [g (t) ], and the above-
given inequalities become the inequalities found earlier for the scalar case (3. 2. 10)
and (3.2. 11).

4. 3. Systems of nonlinear differential equations.
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In conclusion, we shall discuss the case of a system of m nonlinear first-
order differential equations:

, = tI (,::) ; ::(O) = 0, (4. 3. 1)

/ F(t,x)

F(t,x) = l (tX)
\F7 (ted.,

xl(t)
· = X(:) = .

\:mkt)/

Suppose that the elements of F (t, X) are, for t c [0,
functions. If.the elements of the Jacobian matrix

b], continuous and real-valued

2_(t,X) = (BALL) (i,j ' i I, ... ,)

exist for t c [0, b] and are continuous and continuously differentiable functions of t
in that interval, then (4. 3. 1) has a unique continuously differentiable solution X (t) in
that interval.

The relationships that are needed for the derivation of the stabilization
equations are all contained in sections 3. 3 and 4. 2. Therefore, we shall not repeat
them. We find that the "augmented" discretization error

satisfies the asymptotic relationship (see (3. 3. 3)).

/62
p E ) )IIEli[ Z p ( 2 (cc3 a 1p) - tn + X uJf

n 'ri O i 

+ . Z a (k (Co:3 -i) - tn i 

{;! I xP < O1

t

0

where F X (t) = FX (t, X (t)) and the quantities G' are arbitrary constants deter-

mined by the initial values of En. Let us define
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U = . ~Z 'Y=-

2
U 3 . .

4 i. < 01

4 t i (i'wl < 0
%P P

a-CC.3 1(

- C / p [r't J t

¢-C03 .t/

t

With this notation, we have the following results:

Theorem 4. 2. a. The (R, S) difference procedure is relatively stable with
respect to the initial-value problem (4. 3. 1) if the stabilization parameter L
satisfies the inequality

(4. 3. 2)

Theorem 4. 2. b. The (R, S) difference procedure is absolutely stable with
respect to the initial-value problem (4. 3. 1) if the stabilization parameter L
satisfies the inequality

L > (. CVS,3 V,) (4.3.3)

We see immediately that the inequalities, for F (t, X)
ately to the relationships (4. 2. 7) and (4. 2. 8).

= A (t). X lead immedi-
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CHAPTER 5 64

CONDITIONAL STABILITY IN THE CASE OF AN EXPLICIT
PROCEDURE OF VL4%XI\1MUM ORDER

Every difference procedure whose first characteristic polynomial has, in
addition to the zero z = 1, other zeros on the unit circle can exhibit conditional
stability, so that this is not true merely of the optimal procedure described. In
particular, this is true for those difference procedures that have the same first
characteristic polynomials as the optimum procedures whereas the other character-
istic polynomial is of degree k-1. Such a procedure is called explicit. A familiar
example of this is the procedure

xa+2 xn 2h.fn+ yr;, q (5. 1)

which rests on the midpoint rule and whose left side coincides with the Milne-
Simpson procedure. The zeros of p (z) are z = 1 and z = -1, and the corres-
ponding growth parameters are k = 1 and X = - 1.

2

By using the results of Chapter II, it is easy to find a modified procedure
corresponding to an explicit (p, o) difference procedure with

9=0

where p (z) satisfies the assumption of an optimal procedure. Suppose that the
first characteristic polynomial of this procedure is again R (w, hL) defined in
(2.1. 6). In analogy with (1. 3. 8), we then set up the series

/_ , C( -i)
°GO

and

to / 65
- so; _ 1) >E *(log 1 = ) /65

V -~, ¢,- )
'
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We define

k .I

9 i) 9=0

The second modified polynomial is then defined by

-(vw,-) = C7'w] + . (w)

Obviously, this (R, S) procedure is an explicit procedure and it satisfies the
stability condition of Theorem 2. 3 and the consistency conditions of Theorem
2.4.

Theorem 5. 1. The order of the explicit (R, S) procedure is equal to k as
long as the polynomial p (z) satisfies the assumptions of section 2. 1. The error
constant of this procedure is the same as that of the explicit (p, a) difference pro-
cedure.

Proof: The first part of the theorem is an immediate consequence of a theorem
proven by Dahllquist ( [10], p. 52, Theorem 5), which asserts that the order of a
stable and consistent difference procedure cannot exceed its degree, and of Lemma
2. 1. In accordance with this lemma, the difference operator corresponding to the
polynomials p* (w) and a * (w) are, according to the construction of a* (w), of order
at least k. By virtue of the definition of order, it follows that

L [x(t),h] . C%+1 ;- ~( l)(t).* h 1l + C;(k+) (Cl+1 O),

Furthermore,

M I[(t);h] CI+1 · (:&C+t) · h
+

+ jsf: ')) (chil o),

With

hL 

we have

M [x(t);hL] = Ck+l x(k +)( h
l

1 + (h!+2) . (5. 2) / 66

We see that the modified difference operator has also the maximum possible
order p = k.

Furthermore, we also see from (5. 2) that the error constant of the modi-
fied (R, S) procedure is equal to that of the given (p, a) procedure, namely,

C Zi9=1 =1
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We refrain from a discussion of conditional stability and the corresponding
stabilization inequalities since the results of Chapters III and IV can be carried
over immediately to the explicit case.

In contrast, in Chapter 7, we shall introduce a few special explicit dif-
ference procedures, namely, the modified procedure of Nystr-om (q = 0: the
middle point rule), three procedures with k = 4, and one procedure with k =,6.
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CHAPTER 6 / 67

OPTIMAL PROCEDURES FOR k = 2, k = 4, AND k = 6

6. 1. The modified procedure of Milne-Simpson.

For k = 2, there exists only one optimal procedure with real coefficients,
namely, the Milne-Simpson procedure. Its characteristic polynomials are

F( =) -= ~ ( +4i= + ) .

The polynomial p (z) has zeros z1 = 1 and z 1 = - 1; the growth parameters of the

procedure are X l=landX = - 1/3.

For the modified procedure, we find, in accordance with Chapter 2,

R(w, hL) V I2 (i + iL) - Ui'.w - 1

S(vhL) 3 '12 5 ; i'~)~~ CL i' ( 6S) + 4 - 93 .

The error constant of the (p, cr) procedure has the known value

whereas the error constant introduced by the polynomials p* (w) and c* (w) are
found to be

C

6. 2. Optimal procedures with k = 4.

Let us now look at those optimal procedures whose characteristic polynomials
p (z) have real integer coefficients. It is known [20] (p. 280) that three such pro-
cedures exist:

I. () .= z4 .

$(z) m 1 (4 x- + G4,a" + . 2, + 4f = + 14).
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The zeros of p (z) and the growlth parameters of this procedure are

I J= 1, rN = N = ,:.'i'

Al 'u3 sll ' X

For the supplementary polynomials p*(z) and o*(z), we find

I 3
Q 4% -4%2

5'(z) = -- (51z' + C:!'S,,3 - 2.54 Z + 13m z 1) .

Thus, we have, for the modified characteristic polynomials,

R(w,hL) = w4(I + 2h'L) - 2r.L ' 3 -I

S(w,hL) = (112 + 251.hL/c; + (512 . GS1.bhL)w
3

+

+ (1 - 2G2i.bL)v' + (12 iC3.hL)w+12-ll- hLi.

The two error constants have the values

C = _ . and C 

II. L?(3) = Z4 + z s
- Z - I

3 . Z 6 l)3 2O' (z) = - 1- . (z +
3 -, CZ + 1).

Here, zeros of p (z) and growth parameters are

C2 Y Z P PZ~ ;I ~ )) 2-3 L1 -I" ,

.- 3
=. 1. 2 )

=
' '%'

The modified procedure has the supplementary polynomials

?°(z,) = 4j--3-3:_ -_ + 

GI°(Z) i (lii4 + 5=3 -+ SC. - 'i - S )-

Consequently, we have, for the modified characteristic polynomials,

R(iw,hL) -= (i+2hL) + w3 (i-.4-)- Vj ' 2- w( + =-j) + t--- -i

S(.,hL) = . [(72 .: '6;1h)'w (2 + (3 +tc-)-l

+ (432 + S2tL)-" + ..3-7c .- + 72 .L.
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For the error constants, we get the values

C and C :

= ' ,- ~vz - 9 +gj .

Here, for the zeros of p (z) and the growth parameters of the (p, a) procedure, we
get.

2 -4 2; 3

X1-'· Xa -1 1 
2=1 I'4 iT77~! 4 ,

Subsequent calculation then yields

(z) 4z4 - 7 + 3z + z - I

(z) ' = - (521Z4 82z3 - .z 2 + C * 71) .

The (R, S procedure is thus defined by the polynomials

4 3 7L 3hL 2 hL hL
R(w, hL) w4 (1+2hL)-w 3 (1 +hL 3h v + . (I 3 ) ' _ -'L~

and

S(w,hL) . [/Lj.232 + 521.hL. 4 · (i52 + 0Zi.L)-: 3 - (52 5 124,hL)w. *

+ (752 + V6.hL)J + 232 + 71hL .

For the error constants, we find /70

37 i
C = and C - I';- ,

6. 3. A special optimal procedure with k = 6.

We choose as the first characteristic polynomial

(Z) z -2z4 +2 :Z -I .

This polynomial has the zeros

Z =1 '= = cz E (1-x--) " = f
I~~~~~~ .2 ~G '5 
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As the second characteristic polynomial we obtain, in accordance with (1. 3. 8),

(QC) ' s '-U (!031. 3 -7; 1'7).(toYI".2 + : M 7 + + 1-Nz 

The growch parameters of the (p , o) procedure are

1 , ' n X2 XZ CCU':l ,

We then find in the usual way,

c}°(z) C
5 4

+ Z + . 4

2
+ 04G9.2 + ,2';GOz - 355).

The characteristic polynomials of the nodified procedure are then

Rl(w, iL) W6(l + X3L) - SL.& - ;L- ( + 2L) + .L.&3 + 'l + L)-L.-!

and

S(whL) -C- 55 [(17552 + 5G71i9OL) + (05316 + 2022o00hL)W5- (3C432 + /71

+.;2G031.hL)w - (32512 + 7001G.IL)w + (-30432 + 6042ZhL)w +

+ (05016 + G27GCL)w + 17552 - 3551.hL]

As error constants, we have

C ' --= .

and
c . -.:f 0.-
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CHAPTER 7 / 72

MODIFIED EXPLICIT PROCEDURES FOR k = 2, k = 4 AND k = 8

7. 1. The modified procedure of Nystr6m (q = 0).

This procedure, often called the midpoint rule, is defined by the polynomial

(z) = z -1 and ¢(z) = 2-

The zeros of p (z) and the growth parameters of the procedure are

zI = l, z2 = - I, %1 P 1, ;2 = -i.

Since we find for this case

q (z) 2z2 - 2z and O' (z) 3-i

the modified procedure has the characteristic polynomials

R(w, hL) = w 2 (I + hL) hL. w - I

S(w, hL) + 3 - h]

As was shown in Chapter 5, the error constant of the (R, S) procedure has the
value

1
U

which is independent of L, and it is equal to the error constant of the midpoint
procedure.

7. 2. Explicit procedures with k = 4.

Consider those procedures that have the same first characteristic polynomials
as the optimal procedures investigated in section 6. 2.

I(z) 4 

4 3 _2 2) .
6C(z) I (2 - .
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The four growth parameters are /73

/ 3! 3> 1 1 * 2 = ' 3 , 

Since the supplementary polynomials have the forms

~(z ) = 4z4 . ,z 3

¢°i() ^ Y- (29.- 3z z + 23 - )

it follows that

R(w,hL) = w4(1 + 2;L) - 2L.v 3 - 1

s~(wkn~) =~ -[(0 + 29']L)
3

_- (3 + 3/;hJ 2 + (16 + 23hL)w-C-L.

The error constant is

C =

II. ~~~~II. . (z) Z 4 z3 - z-I

¢(z), 3=z + 3z3

The growth parameters have the values

>)' =1 X 2 .,1 1= .3 = 3 .

With the supplementary polynomials

°(z) j 4- z -3 =_2_-

and

c'Z) -( 3Ci 3- 2(3
2

iO" - 7)

we find for the characteristic polynomials of the modified procedure

'R(iw,IF.L) , .4(1 4 2hL) w(3(1h-.)'
- . h. L +

S(C, hL) -1 [(24 + 41hL)v - 259 L.v + (4 + 15 i - 7h

The error constant is / 74

4,1 ' C =

IH~~~~~. ~1 3.

(Z) = (7z 3 z + 7z)
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For the growth parameters we find

>1' 
=

1 , Ao ? ' =3 b;

With

3 29 ) ' 7z + 3z2 + z 

and

I) ,07-z3 _14 z2 + -z - 15)

we obtain the modified characteristic polynomials

A3 7L ChihL 2, ILR )(w,hL) w((1 + 7rL hL) - 3j (I +?hL-) + - + ,;_

S(w,,hL) . 4 [(5o + o7,.L,- 3
-- (Go chL)v, 2 + + 1,I) (6 oi. l

The error constant takes the value
29

C

7. 3. An explicit procedure with k = 6.

As in section 6. 3, we choose'

9(z) = z - z 4 + 2z 2 .

Here, for the corresponding a (z) we find

f(Cz T , (29z 5 . 4;G4 + ,47z'3 _ - 3z2 + 29z)

From this we get the growth parameters / 75

&69-536. (3 C9 53G -
''l = l, ;2 = )'6 = -'U---2 'X, = =S '

XA ;

With the polynomials

9*(Z) = 6Z - 6Z5 --5z4 + 03z3 + 4z2 - 4z

a (z) = W (12!37z5 - 261S3z4 + 25342Z3 - 103182 + s597z - 1435)

the modified characteristic polynomials are written

R(w,hL) = W6(1 + 3h1L) - 3hL.w5 - w4(2 + 4,L) + 4;'L.w3 + w2(2 + 2hL)-

-2: .Lw - 1
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and

S(WrhL) = am [(d7. + 1217.hL)W5 - (7133+ 21C3hL)v/4 +

+ (75a4 2522hLw -(7133 + 21CL 3 iEL72 

+ (47O4 + 95974L)w - 1!35h .

The corresponding error constant has the value C = 1097/7560.
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CHAPTER 8

EXAMPLES

8. 1. Discussion of nonlinear system.

Consider the following system of four nonlinear first-order differential
equations:

x' =t u , =(O) . 1

y' = v , y(0) = 0

v' = -y.r , v(O) 1 .

with r 2 x2 + y2 d

This system, which one encounters in connection with the two-body problem, is
discussed in the appendix of [22]. It has the exact solution

U-.) snco t

X~t) = Y) tXt y(t) y . n t

v(t) co t

The corresponding Jacobian matrix has the form

o o 0
3 1
/ co3(2t)-# o 0 slr(2t) O

FX(t) = F(X(C(t)) a 0 0 01

', 3 .3o sin(Zt) 0 ''i2 ( r s -npt_) 0 - co ()2 0

If we use the Euclidean vector norm, we get, in accordance with section 4. 2,

p [F(t)] greatest eigenvalue of the matrix - (Ft) + F(t) ).

In our case, this matrix is symmetric, and a simple calculation yields, for the
eigenvalues,

=A OI A = 3 A 4 -A 3
-A1 := °' 3-= 4 = ¥ ,

In the notation of our section 4. 2, we have

P [,,(tl :' I [' (t)] = - Ip [2F),(j = V [sIt] = -
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In connection with section 4. 3, we then have

U3 3 xoo ' -, U4 3 ?vc I-

p,'1

A 1

V 3 .Max -a- , .1 -V i.-O( O

If we now apply the modified Milne-Simpson procedure for numerical integration,
we find the following stabilization parameters: For relative stability

L> 2

For absolute stability,

L a.

8. 2. A numerical illustration.

To compare the effectiveness of the modified difference procedure with that
of the classical procedure, we have integrated the following two simple initial-
value problems:

x A - Ax (o)o, a=o 10, (8. 2. 1)

and

x 3 iLt - At.x ,x(O) 0, A 2 . (8. 2. 2)

In both cases, the exact solution can be given explicity. It is

x(t) 1= - elp(1C;) (8. 2. 3)

for the problem (8. 2. 1) and / 78

x(t) = 1 - exp(-t 2
) (8. 2. 4)

for the problem (8. 2. 2). Both solutions exhibit the same behavior: they rapidly
approach the value 1 monotonically with increasing values of t. For the first
initial-value problem, the interval of integration [0, 6] was chosen whereas the
problem (8. 2. 2) was integrated over the interval [0, 3]. The initial values were
"exact", namely, equal to the exact solution of the corresponding initial-value
problem at the points to = 0 and t = h in the first case and to = 0, t i = h, t 2 =2h,
t 3 = 3h in the other.
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Example 1: Numerical integration of (8. 2. 1).

Classical optimal procedure (Milne-Simpson), .(z) = z2 - I

Modified procedure, R(w, hL) = w2(1 + hL) - hL.v - 1.

Zeros of p (z): 1 2

Growth parameters of the (p , a') procedure: (Y', c'): ;1 , A2 -

Stabilization inequalities:

for relative stability, L > -2

for absolute stability, L > !L_

(in accordance with
(3. 1. 8)),

(according to 3.1. 9)).

Step: h= 0.1.

Numerical values:

r L= 0 L = 9

| n | Xn en | n n o8

2.0 1.5'§79 0.5479 0. SD90G7 -1254

2.1 0.2515 -0.7485 i.000009 0.52

2.2 2.0225 1.0225 0.9)5903 -738

2.3 -0.3937 -1.3057 01.0000;03 53

5.0 d 6.3 ' 103 G. 3 I.CC.000 -0.<4

5..1 -8.7 10 -0.7 10i 1.C0ONOaO 0.33

{ _ _ _ etc. . 1.e
Example 2. Numerical integration of (8. 2. 1).

Classical optimal procedure, q(z) z4 - l.

Modified procedure, R(w,hL) 8 w4 (l + 2hL) - 2:.L.w3 - 1 .

f?Zeros of p (z), 1, Z2 £ , o( .- ) z: -1.

Growth parameters of (p,. a), 1, 2 a x3 = -

Stabilization inequalities:

for relative stability, L > I-3
.ij

for absolute stability, L > -
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Step, h = 0. 05.

Numerical values:

L = 0 L=10

tn zn e Cn n 109. e n

2.00 !.0009 0.005g9 1.00OC30 -227

2.05 0.9G07 -0. 0;21 1.COC3 2C00

2.10 1. 0149 0.01,9 i. COCv 3 -1?73

2.15 0.9G17 -0.0183 1.00330 1G7

5.00 2.3 . 103 2.3 0. i.C3300C -0.99

5.05 -2.3 . 103 2 3 10 i.C 3300 0.37

Example 3. Numerical integration of (8. 2. 2).

Classical optimal procedure, as in Example 1.

Modified procedure, as in Example 1.

Stabilization inequalities:

for relative stability, L > 4,

for absolute stability, L > 1.

Step, h = 0. 1.
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Numerical values:

Example 4. Numerical integration of (8. 2. 2).

Same difference procedure in Example 3. Here, h = 0. 05 was chosen for the

Numerical values:

step.

L = 0 L = 10

tn I en | | 

1.00 0.G42159 0.010039 0.0529'0 O. 0.,C550

1.05 0.660235 -0. 037725 0. 653785 0. 00 ;5 .

1.10 0.71220"1 O. Ol 0105 0.70254 O.00CC07

2. 5 0. 903078 -0. 091G25 0. 0 O703 0. COVI:-31

2.90 1.100530 0.10G573 0.9M 773 O. C5913

2.05 00.. iiCS3 O. 053. O.C02437O

3.00 1. 12235 0.122I10 0.6 g0577 0. C000CD

8.3. Remarks.

The above-given results indicate clearly the completely different error be-
havior of the solutions of the classical and the modified difference procedures.

If we again look at the stabilization inequalities derived in Chapters 3 and 4,
we see that the right-hand members of these relationships are independent of the
step h (since we have investigated the asymptotic behavior of the approximate
solution and of the discretization error). However, these bounds for "large"
values of h probably depend on the chosen step of the difference procedure. This

66

L = 0 L = 10

tn Xn I l n n

I .0 0.6715153 0.03 411 0. 04 5V 0.002 .3

1.1 0.G&97S9 -0.032004 0.7037.6: O.C0!103

1.2 0.805822 0.042750 0. 70(053 0. 01;55

2.7 0.735509 -0.252753 0.9J052i 0.039U3J

2.8 1.313324 0.313713 0. _.! 300e 0. 0C0 31

2.9 0.622030 -0. 37047 O.500773 0.0C$0i1

3.0 1.455305 0.455403 0 . SU77 0.0v03 3
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became obvious with the numerical integration. Theoretically, conditional
stability should no longer be present in the first example for L > 10/3 or in the
second example for L > 38/9. However, it was shown that the corresponding
solution was stable in the first example only for h = 0. 1 and L = 4 whereas this
solution indicated absolutely stable behavior for h = 0. 05 and for L = 4. This
showed up even more clearly in the second example. There, the solution ex-
hibited conditional stability for all L < 9 and h = 0. 1. In contrast, the behavior
with step h = 0. 05 was absolutely stable for L = 6. Similar conclusions were
drawn in the integration of (8. 2. 2). These remarks bring up another problem:
What choice of hL yields an optimal error behavior for a given initial-value pro-
blem, and can the step h be written in advance? The answers to these questions
are not yet known.

The numerical calculations were made on the control data 1604A of the com-
putational center of the ETH (Eidgenossische Technische Hochschule) in Zurich
and on the IBM 360/50 at Dalhousie University in Halifax, Canada.
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